Abstract: Microalgae culture for energy production has emerged as an interesting alternative to fossil fuel and biofuel from terrestrial plants. In this paper, we propose a dynamical model of microalgae growth in photobioreactor in order to further optimize productivity. We consider light and nitrogen effects on microalgae growth and on the intracellular carbon flows between a functional compartment (proteins, nucleic acids, membranes) and two storage pools (carbohydrates and neutral lipids). In a second step, we take into account the photoacclimation dynamics. We also compute the light distribution inside the photobioreactor using a BeerLambert law. The proposed model has been assessed with experimental data of Isochrysis affinis galbana under day/night cycles. Finally, the model is used to predict carbohydrate, neutral lipid, and biomass productivities and to identify optimal operating conditions (dilution rate and influent nitrogen concentration).
INTRODUCTION
Microalgae are a promising source of biomass for sustainable energy production (Wijffels and Barbosa, 2010) . Indeed, these photosynthetic micro-organisms can accumulate a large amounts of neutral lipids (used for biodiesel production) and carbohydrates (used for methane or ethanol production by fermentation). Environmental conditions, such as light and nutrient availability, strongly affects microalgal growth but also its biochemical composition. Therefore, a dynamic model which describes biomass growth and lipid and carbohydrate accumulations is a crucial tool for predicting productivities with respect to environmental conditions and finally for process control and optimization.
Various models have been proposed to describe microalgae growth with respect to nutrient limitation and light (e.g. Geider et al. (1998); Flynn (2001) ; Armstrong (2006) ). Nevertheless, to our knowledge, modelling biomass, lipid and sugar productions in photobioreactor (i.e. with high cell density) has not yet been developed.
This work gathers two modelling approaches based on the Droop model (Droop, 1968) limitation which accounts for the light gradient (Bernard et al., 2009 (Bernard et al., , 2010 and a model of neutral lipid and sugar production (under constant light) (Mairet et al., 2011) .
In line with Mairet et al. (2011) ,we consider that organic microalgal carbon can be split into a functional compartment (proteins, nucleic acids, membranes) and two storage pools: carbohydrates and neutral lipids. Biomass growth and the intracellular carbon flows between these pools are regulated by light and nitrogen conditions. Moreover, respiration consumes a fraction of the carbohydrates.
In a second step, we take into account the photoacclimation dynamics and we relate the chlorophyll content to the nitrogen quota. In addition, we compute the light distribution inside the photobioreactor using a Beer-Lambert law (assuming a one-dimensional light attenuation with a light decrease rate linearly correlated to chlorophyll concentration).
The proposed model is compared with experimental data of Isochrysis affinis galbana under day/night cycles (Lacour, 2010) . Finally, this model is used in order to predict biomass, carbohydrate and neutral lipid productivities and identify optimal operating conditions (dilution rate and influent nitrogen concentration).
THE DROOP MODEL
Our approach is based on the Droop model, which was initially established to represent the effect of B 12 vitamin internal quota on the growth rate of phytoplankton (Droop, 1968) . This model has been shown appropriate to represent also the effect of macronutrients, such as nitrogen, on growth rate (Droop, 1983; Sciandra and Ramani, 1994; Bernard and Gouzé, 1999) . Droop model considers that the growth of the biomass x is related to the limited nutrient quota q n , while nutrient uptake depends on the external concentration of nutrient s (nitrogen). Considering a perfectly mixed reactor, the Droop model reads:
where D is the dilution rate and s in the influent nitrogen concentration.
In this model the absorption rate ρ(s) and growth rate µ(q n ) are generally taken as Michaelis-Menten and Droop functions:
where K s is the half saturation constant for substrate uptake and Q 0 the minimal cell quota.ρ andμ are the maximum inorganic nitrogen uptake rate and the maximum growth rate, respectively. Mairet et al. (2011) have proposed a dynamical model describing the effects of nitrogen limitations on carbohydrate and neutral lipid accumulations under continuous light. This model considers a simplified carbon metabolism given in figure 1. Carbon from CO 2 is first incorporated as sugar g. These carbohydrates are mobilized to produce functional carbon f (mainly proteins) when microalgae uptake nitrogen. In parallel, carbohydrates are used to produce free fatty acids (FFA). These FFA can be stored as neutral lipid l or mobilized to produce functional carbon (membranes). Considering this simplified metabolic network, the Droop model is completed by the dynamic of the neutral lipid quota q l (Mairet et al., 2011) :
LIPID AND CARBOHYDRATE DYNAMICS
The functional and sugar quota (noted respectively q f and q g ) are computed as follows:
INCLUDING LIGHT
We propose to modify this model to deal with light variation. First, the light effect is represented through µ =μ(I) (Han, 2001) : where we use forμ(I) the model of Eilers and Peeters (1993) taking into account photoinhibition:
Parameter K sI refers to the half saturation coefficient with respect to light, K iI is an inhibition coefficient andμ defines the hypothetical maximal growth rate.
The nitrogen uptake rate must also be modified to deal with the light effect: nitrogen uptake is slower during the night (Ross and Geider, 2009) and it must stop when cells become replete (particularly in case of prolonged darkness):
where Q l is the maximal nitrogen quota and η is the reduction factor of nitrogen uptake during the night.
Finally, a respiration term is added. We assume that only carbohydrates are used for respiration. In line with Geider et al. (1998) , the respiration rate R is taken as the sum of a constant maintenance respiration and a biosynthesis cost (proportional to the nitrogen uptake rate):
Note that the respiration was not included in Mairet et al. (2011) as the experimental validation was carried out under constant light. However, this term does not modify the behavior of the original model and its ability to describe the experimental data presented in Mairet et al. (2011) .
PHOTOACCLIMATION

Relationship between chlorophyll and particulate nitrogen
The chlorophyll concentration must be represented in the model in order to predict the light attenuation in the photobioreactor. Chlorophyll concentration Chl is related to the cellular proteins, and thus to particulate nitrogen xq n (Laws and Bannister, 1980; Pawlowski, 2004 ) but also to the light at which the cells are photoacclimated: for a same nitrogen quota, cells acclimated to low irradiance have a higher chlorophyll content than cells acclimated to high irradiance (MacIntyre et al., 2002) . More specifically, for a culture photoacclimated at an irradiance I * , we assume:
where
This expression results from experimental observations of photoacclimated cultures obtained at various irradiance and nitrogen conditions (Bernard et al., 2009 (Bernard et al., , 2010 .
Finally, since photoacclimation is not instantaneous after a light change, we represent the light acclimation dynamics, as follows:
whereĪ is the average irradiance in the photobioreactor. We assume that the chlorophyll acclimation rate is the growth rate. Note that this choice ensures that the acclimation rate stops during the night.
Effect on growth rate
Photoacclimation has also a direct effect on the growth rate. For a same nitrogen quota, cells acclimated to low irradiance (i.e. with a high chlorophyll content) have a higher specific growth rate than cells acclimated to high irradiance, as we can see on the photosynthesis irradiance (P-I) curves from MacIntyre et al. (2002) . Nevertheless, the initial slope of this P-I curves normalized with chlorophyll concentration does not depend on the light at which cells have been photoacclimated.
This phenomena can be included in the expression of the specific growth rate (5), by choosing K sI as follows:
This leads to a specific growth rate increasing with Chl /x while the initial slope of µ/Chl is constant.
LIGHT GRADIENT IN A PHOTOBIOREACTOR
Modelling light attenuation
We investigate here a simple representation of light attenuation inside a photobioreactor (or a raceway pond) of thickness L. We consider a planar geometry with a light source perpendicular to the reactor plane, so that irradiance distribution in the reactor can be represented with a good accuracy by a Beer-Lambert exponential decrease. We assume that the light decrease rate is linearly correlated to chlorophyll concentration. When I 0 is the irradiance at the surface, we have thus, for a photobioreactor where cells are photoacclimated at light I ⋆ : I(z) = I 0 e −ξz (13) where the light attenuation coefficient ξ is linearly related to chlorophyll:
Note that this Beer-Lambert approximation could be improved by using more accurate radiative transfer models which would take the detailed pigment composition into account (Pottier et al., 2005; Pruvost et al., 2006) , provided that we can predict this pigment composition at any time.
This light attenuation coefficient is used to compute the optical depth λ = ξL. λ is a key parameter of the photobioreactor performance as it reflects how efficiently light energy is absorbed.
The average irradiance received by the cell culture between depth 0 and L is therefore:
6.2 Average growth rate Pottier et al. (2005) showed that an accurate way of estimating the growth rate in a photobioreactor consists in computing the average value ofμ(I(z)) through the light gradient:μ
Property 1. The average growth rate is µ(I 0 , q n , ξ) = µ(I 0 , ξ)(1 − Q0 qn ) with, considering that K iI < 2K sI :
Proof: This results from straightforward computation based on the fact that, for a planar geometry:
with the variable change v = I 0 e −ξz , we get dv = −ξvdz, andμ
Remark: With this expression, one can easily check that, in appearance a photobioreactor with high cell density does not seem to photoinhibit. Indeed, since only the first millimetres are photoinhibited, photoinhibition has a low weight in the averaging process (see Bernard et al. (2010) for more details). T the vector of model variables. Gathering all the elements presented in this paper, we obtain the following model:
where µ(χ, I 0 ) and ρ(χ,Ī) are given respectively by equations (18) and (7). The chlorophyll concentration Chl , the average irradianceĪ and the carbohydrate quota q g are computed using equations (9), (16), and (4).
MODEL ASSESSMENT
Experimental protocol
Model has been assessed with the experimental data of a continuous culture of Isochrysis affinis galbana (clone T-iso, CCAP 927/14) under day/night cycles (Lacour, 2010) . Cultures were grown in duplicate in 5 L cylindrical vessels at constant temperature (22.0 ± 0.1 • C)) and pH (maintained at 8.2 by automatic injection of CO 2 ). After a first period in nutrient sufficient condition, the influent nitrogen concentration was temporally set to 0 in order to impose a nitrogen starvation. Figure 2 presents the operating conditions. The following measurements were performed: nitrate concentrations (Technicon Auto-analyser), concentrations of particulate carbon and nitrogen (CHN analyser, Perkin Elmer), chlorophyll (Turner fluorometer), total carbohydrates concentrations (by the phenol method), and neutral lipid (Nile red fluorescence, converted to g[C]).
Model calibration and simulation
This experiment has been carried out with a low cellular density so we assume light is homogeneous. Therefore, simulations are performed usingμ(I 0 , ξ) =μ(I 0 ) and Model parameters are identified using a minimization algorithm (function lsqnonlin under Matlab R ) initialized with parameter values from Mairet et al. (2011) and Bernard et al. (2010) . This algorithm, based on the Levenberg-Marquardt method, is used to find the set of parameters that minimizes a square-error criterion between the model and the measurements (using the whole experiment). Despite a high number of parameters, having a reliable first estimate guarantees a consistent calibration. Results of parameter identification are presented in Table  1 .
Model simulation reproduces accurately the experimental data (see Fig.3 and 4) . In particular, the observed diel variation in neutral lipid and carbohydrate quotas in nutrient sufficient condition (during the first day) are well described by the model. These variations are due to an accumulation of neutral lipid and carbohydrate as a carbon and energetic reserves during the day while these reserves are used for the respiration path and mobilized to produce functional carbon during the night (Sukenik and Carmeli, 1990; Cuhel et al., 1984) . The model predicts also accurately the chlorophyll concentration, which is crucial for computing the light attenuation inside the photobioreactor.
PRODUCTIVITY ESTIMATION
The model is used to estimate numerically surfacic productivities of biomass P x , carbohydrate P g and neutral lipid P l in continuous culture under day/night cycles in a raceway pond of 0.3 m depth. Note that the periodic light forcing does not allow to achieve an equilibrium. Therefore, we compute averaged values over a day, once the periodic regime has been established, as follows: 
The influence of the dilution rate and the influent nitrogen concentration on biomass concentration, lipid and sugar quotas, and productivities are represented on figure 5.
The biomass concentration results from a complex interaction between light and nitrogen limitations. Moreover, the biochemical composition of the microalgae is strongly affected by the operating conditions. The optimal biomass and lipid productivities were obtained for a 0.5 d −1 dilution rate and an influent nitrogen concentration over 15 gN/m 3 , while the sugar productivities was obtained for smaller dilution rate (0.3 d −1 ) and nitrogen concentration (6 gN/m 3 ). This optimum results from a trade-off between biomass productivity and sugar quota.
Note that this study has been carried out with a constant dilution rate during the day and null during the night. However, more complex control strategies can be developed and tested with this model in order to optimize biomass productivity.
CONCLUSION
In this article, we have proposed a model of photobioreactor describing microalgae growth and its biochemical composition under light and nitrogen limitations. The model has been assessed with experimental data of Isochrysis affinis galbana under day/night cycles. More experiments with high cellular density are expected in order to validate the whole model (including the effect of light attenuation).
The operating conditions which optimize neutral lipid, carbohydrate and biomass productivities in a continuous culture under day/night cycles have been determined using model simulations. This model will then be used to define and evaluate different culture strategies (e.g. using a variable dilution rate instead of a constant value, 2 stages batch culture, interconnected reactors).
